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Let 0 = (z,);=, be an infinite sequence in the unit interval [0, 11. Then the 
quantity F,v(o) defined for every positive integer N by 
is called the diaphony of 0. The diaphony of rr is a measure of the irregularity of the 
distribution of the points of rr in [O. 11. In this paper. we prove that the diaphony 
of the well-known Van der CorputPHahon sequence (in an arbitrary r-adic system) 
has the best possible order of magnitude N- ‘(log A’)“‘. This improves the earlier 
estimate F,(a) = O(N-’ log N) for the diaphony of the same sequence. 11 1988 
Academic Press, Inc. 
1. INTRODUCTION AND STATEMENT OF THE RESULTS 
Let (r = (.x,,);=~ be an infinite sequence in the unit interval E = [0, I]. 
The sequence 0 is called uniformly distributed in E if for every real number 
.K E E, we have 
where A Ja; x) denotes the number of terms x,,, 0 < n < N - 1, which are 
less than x. The systematic study of uniformly distributed sequences was 
initiated by H. Weyl [lS] who proved that a sequence CJ = (.x,,);==, is 
uniformly distributed in E if and only if for all non-zero integers h, we have 
lim SAC h I= o 
N+7 N ’ 
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where 
N-1 
S,(a; 12) = C exp(2rcihx,) 
n = 0 
denotes the exponential sum of (T. 
Looking at various uniformly distributed sequences, one will realize that 
there exist sequences with a very good distribution behavior, whereas other 
sequences might just barely be uniformly distributed. There are various 
quantitative measures for the irregularity of distribution (see, for instance 
[4, 6, 81). A classical measure for the irregularity of the distribution of a 
sequence CJ in E is its L2 discrepancy T,(a) which is defined for every 
positive integer N by 
The irregularity of distribution with respect to the L* discrepancy was first 
studied by Roth [14]. In 1976, Zinterhof (see [19.20]) proposed a new 
measure for distribution which he named diaphony. The diaphony F,(a) of 
c is defined for every positive integer N by 
We note that the diaphony of (T can be written in the form 
FN(G) = ( $ y g(.u,, -.Yk) > 
112 
, 
n.k=O (2) 
where 
g(x)= 7?(2x'- 2x+ f). 
It is well known (see [ 15, p. 115; 203) that both 
lim TN(g) = 0 and lim FN(0) = 0 
N-a N-r 
are equivalent to the sequence (T being uniformly distributed in E. There is 
a remarkable relationship between the diaphony and L* discrepancy. It is 
given by the following formula of J. F. Koksma (see [S]) 
(3) 
which holds for every positive integer N. 
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Proinov [ 121 proved that for any sequence g in E the estimate 
1 Jlog N 
b(g) ’ 68 -y-- 
holds for infinitely many N. On the other hand (see 
sequences G in E such that 
Therefore, the estimate (4) is best possible apart 
constant l/68. 
(4) 
[16, 11, 12]), there are 
(5) 
from the value of the 
In this paper, we study the diaphony of the well-known sequence of 
Van der Corput and Halton in an arbitrary r-adic system. We suppose 
throughout that r 3 2 is a given integer. 
For an integer n > 0, let 
n= C air’ (UjE (0, 1, . ..) r- l;j=O, 1,2, . ..) 
/=O 
be an r-adic expansion of n. Then we set 
q,(n)= f -&. 
,=o 
The sequence g = (cp,(n)),“_o is called the Van der Corput-Halton 
sequence. It was first constructed for r = 2 by Van der Corput [ 171 and is 
nowadays called (in this case) the Van der Corput sequence. For arbitrary 
ra 2, the sequence c= (q,(n));:,“,, was introduced by Halton [3]. From 
Halton’s result, we have the following estimate for the L* discrepancy of 
the Van der CorputtHalton sequence, 
where the 0 constant depends only on r. Haber [2] proved that this 
estimate cannot be improved as to order of magnitude in the case where 
r = 2. In the same way one can prove the exactness of the order of 
magnitude of the estimate (6) for every r 3 2. 
From (6) and (3), we arrive at the following upper bound for the 
diaphony of the Van der Corput-Halton sequence, 
where the 0 constant also depends only on r. 
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In the present paper, we improve the estimate (7) proving that the 
diaphony of the Van der Corput-Halton sequence satisfies the best possible 
estimate (5). More exactly, we prove the following 
THEOREM 1. Let IS = (cp,(n)),“_, he the Van der Corput-Halton sequence. 
Then for every positive integer N, we have 
where 
C(r)=r 2I-L 
d--- 3 log r’ 
From Theorem 1 for the case r = 2 we get the following two corollaries. 
COROLLARY 1. Let c = (qz(n)):=, he the Van der Corput sequence. 
Then ,for every integer N 3 2, we have 
&s N FN(o) < 4 N. 
This corollary is an immediate consequence of Theorem 1 for N 3 5. For 
2 < N < 4, its validity can be verified directly. 
COROLLARY 2. Let B = (q*(n)),“, O be the Van der Corput sequence. 
Then 
We note that Theorem 1 was announced without proof in our 
paper [ 131. The proof of this theorem is based on a non-trivial estimate for 
the exponential sum of the Van der Corput-Halton sequence (see Lemma 3 
below). In [13], we gave two applications of Theorem 1 to the estimation 
of L’ discrepancy. One of these applications is formulated in Section 3. 
2. PROOF OF THEOREM 1 
To prove Theorem 1 we need three lemmas. In what follows, we denote 
by S,(h) the exponential sum of the Van der Corput-Halton sequence, i.e., 
N-I 
S,(h) = c exp(2nihqJn)). 
n=O 
98 PROINOV AND GROZDANOV 
LEMMA 1. Let N = P + Q, ,z>here P and Q ure positive integers with 
P E 0 (mod r”) and Q < r” .for an integer n 3 0. Then for every integer h, KY? 
have 
Proof Let h be a given integer. Since N = P + Q, we have 
S,(h)=S,.(h)+‘~‘exp(2Kiilcp,(P+j)). 
By the definition of q,(n) and assumption, it is easy to prove that 
cp,(P +A = cp,(P) + cp,(.i) 
for every integer j with 0 <<j < r”. From (10) and ( 1 1 ), we get 
S,(h) = S,(h) + S,(h) exp(2nihq,(P)). 
(11) 
From this, taking into account that lexp(iu)J = 1, we obtain the desired 
inequality (9). The lemma is proved. 
In order to formulate the next two lemmas, we need one more notation. 
For an integer h and a positive integer N, we set 
if h E 0 (mod N), 
if h f 0 (mod N). 
It is well known that 
b,(h)=$‘Vx’ exp 
/=o 
(12) 
LEMMA 2. Let N== ar”, where u 3 1 and n > 0 are integers. Then jbr 
every integer h, we have 
IS,(h)] < ar” 6,Jh). (13) 
Proof Let h be a given integer. By the definition of cp,(n), it is easy to 
see that if N = r” then 
{q,(j): j= 0, 1, . . . . N-l)=(j/N:j=O,l,...,N-1) 
From this and ( 12), we deduce that 
S,,(h) = rN am(h). (14) 
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Using Lemma 1 and induction on a we prove that 
IS,,.(h)l balS,.(h)l. 
Combining ( 14) and ( 15) we arrive at ( 13). Lemma 2 is proved. 
(15) 
In the next lemma we give a non-trivial estimate for the exponential sum 
of the Van der Corput-Halton sequence. 
LEMMA 3. Let N 3 1 be an integer, and let 
N= i alri (a,~(O,l...., r-l~;j=O,lJ,...) (16) 
/=o 
be an r-adic expansion of N. Then for every integer h, we have 
ls,(h)( < f a,r’ b,,(h). 
I=0 
(17) 
Prooj: Suppose again that h is a given integer. For every integer N > 1 
there exists an integer IZ >, I such that N < r”. We shall prove the lemma by 
induction on n. If ?I = 1 then the estimate (17) coincides with the trivial 
estimate IS,(h)1 <N. Now assume that (17) holds for all integers N with 
1 6 N < r”, where n is a positive integer. Then choose an integer N with 
r’* < N < r” + ‘. For such N we have in (16) ai= 0 for ,j > n. Therefore, we 
can write N in the form N = P+ Q, where 
P = a,,r” and 
t1 ~ I 
Q= 1 air). 
,=o 
Obviously, P E 0 (mod r”) and 0 6 Q < r”. If Q > 0 then by Lemmas 1 and 
2, and the induction assumption, we obtain 
IS,(h)1 d IS,(h)1 + IS,(h)1 
d a,,r” 6,(h) + 1 a,r’ 6,,(h) 
i=O 
= i a,r’h,,(h)= 5 a,r’ 6,,(h), 
, = 0 , = 0 
and so (17) is proved. If Q = 0 then (17) follows from Lemma 2. 
Remark. From Lemma 3, it follows that for all positive integers N and 
h, we have 
IS,(h)1 < rh - 1. (18) 
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Indeed, for a given integer h 3 1 there exists an integer n 3 1 with 
r”- ’ < h < r”. Then 6,,(h) = 0 for j 3 n. Now choose an integer N 3 1, and 
write it in the form (16). Then by Lemma 3 we have 
<(r-l) C r’=r”-l<rh-1, 
i=O 
which proves (18). From (18) and the Weyl criterion for uniform 
distribution, we obtain a new proof of the well-known fact that the 
Van der Corput-Halton sequence is uniformly distributed in E. 
Proof of Theorem 1. Choose an integer N 3 1, and write it in the form 
N= i a,r”’ (U,E (1,2, . . . . r- l};j= 1,2, . . . . k), (19) 
,=I 
where n,, n,, . . . . nk are integers with 
O<n, <n,< ... <nk. 
According to Lemma 3, we have 
j= I 
< (r - 1) i r’Q d,.,(h) 
,=I 
for all integers h. From this and (I), we get 
W%W2 = 2 f ; IXv(h)12 
h=l 
<2(r-1)’ i i fl, + n, 
,=I ,,=I 
Now we need a simple identity for symmetric matrices. If a matrix Ila,J 
(1 <j<k, 1 <v<k) is symmetric, then 
k k k- I  k 
c c aj,, = 2 c 2 Q,” - c a//. ,=I ,,=I ,=I v=, J=I 
ON THE DIAPHONY 
From this and (20), we obtain 
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- 2(r - 1)2 i r2”/ (21) 
.I = 1 
It is easy to see that for v and j with 1 < v <j < k, we have 
for all integers h. It is easy to show that 
for all non-negative integers n. From (21), (22), and (23), we get 
(NFN((I))26;X2(r- 1)2 i i p - “, 
J=l V=l 
-;.*(I- 1)2k. 
For the sum on the right-hand side of (24), we have 
< i y”r g r-“=Lk. 
“=I n=l7, r-l 
Combining (24) and (25), we obtain 
(NF,(cr))* < $r2(r’ - 1)k. 
From (19), we conclude that 
(22) 
(23) 
(24) 
(25) 
(26) 
k k-l rk - 1 
N> 1 f’j> c rJ=-. 
j= I j=O r-l 
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Hence, we have 
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k<log((r- l)N+ 1) 
\ 
logr (27) 
Finally, the desired estimate (8) follows from (26) and (27). Thus 
Theorem 1 is proved. 
3. ON THE L’ DISCREPANCY OF 
THE SYMMETRIC SEQUENCES PRODUCED 
BY THE VAN DER CORPUT-HALTON SEQUENCE 
In this section, we give an application of Theorem I to the problem of 
finding infinite sequences in E with best possible order of magnitude of its 
L’ discrepancy. 
We need the notion of symmetric sequences (see [ 111). A sequence 
CJ = (XI,,);=, in E is called symmetric if for every integer n 30 we have 
x21, + -~zn + I = 1. A symmetric sequence 5 = (b,,),;=, in E is said to be 
produced by an infinite sequence CJ = (Q,,);;=~) if for every integer n 30 we 
either have u,, = hzn or a, = bzn+ , . Obviously, every infinite sequence in E 
produces at least one symmetric sequence. 
Using a well-known theorem of Roth [ 143, it can be proved (see [7, 
p. 158; 121) that for any infinite sequence G in E, the estimate 
1 ,/log N cm=-~~ 
holds for infinitely many integers N. The exactness of the order of 
magnitude of this estimate was proved by Proinov ([9, 10, 111). 
Now we turn back to the Van der CorputtHalton sequence. As we have 
mentioned above (see Section l), the exact order of magnitude of the Lz 
discrepancy of the Van der Corput-Halton sequence (for every r 32) is 
N-’ log N. However, it turns out that the L’ discrepancy of any symmetric 
sequence which is produced by the Van der Corput-Halton sequence has 
the best possible order of magnitude N ‘(log N)“2. (This fact for r = 2 was 
shown independently and in another way by Faure [ 11.) Namely, using 
Theorem 1 we can prove (see [ 131) the following 
THEOREM 2. Let 6 be an?! symmetric sequence in E which is produced bJ 
the Van der Corput-Halton sequence. Then for every integer N > 2, we have 
ON THE DIAPHONY 103 
C(r)= r’ 
J-- 3 log r’ 
In particular, from this theorem for the case r = 2 we get 
for every symmetric sequence 5 produced by the Van der Corput--Halton 
sequence. We note that Faure [l] proved this estimate for the symmetric 
sequence 
with the smaller constant fi= 0.331... on the right-hand side. 
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